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Math that we will need

1. Cosine, vectors, dot product, matrix multiplication.

2. Function maximization via iterations.
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Goal:

Illustrate mathematics behind word2vec



Cosine, vectors, dot product, matrix multiplication
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Cosine distance:=
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[1] https://arxiv.org/pdf/1301.3781.pdf Mikolov 2013.09

[2] https://arxiv.org/pdf/1310.4546.pdf Mikolov 2013.10



Example of computing “meaning” of a word [1,2]
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Question-1: Can a machine learn meaning of a word?

What do we mean by “meaning”?



What is the meaning of “they” in each 
sentence?

• The city councilmen refused the demonstrators a permit because they
feared violence.

• The city councilmen refused the demonstrators a permit because they
advocated violence.
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What is KLIMRETTUB ?

1. Originally, KLIMRETTUB referred to the liquid left over from churning butter from 
cultured or fermented cream.

2. Traditional KLIMRETTUB is common in many Indian, Nepalese, Pakistani, Arab, 
Finnish and Dutch households, but rarely found in other Western countries.

3. Cultured KLIMRETTUB was first commercially introduced in the United States in the 
1920s.

4. When introduced in America, cultured KLIMRETTUB was popular among 
immigrants, and was viewed as a food that could slow aging.

5. Cultured KLIMRETTUB reached peak annual sales of 517,000,000 kilograms in 
1960; its popularity has declined since then.

6. Liquid KLIMRETTUB is used primarily in the commercial preparation of baked goods 
and cheese.

7. Commercially produced KLIMRETTUB is comparable to regular milk in terms of food 
energy and fat.

8. KLIMRETTUB is a fermented dairy drink.
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Answer to Q1

• Machines can not learn “meaning” of words. 
We are not there yet.

• However machines can figure out if a word 
representation is close to another word’s 
representation in a given context.
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A simple problem

Separate words according to their context
via embedding words to 2D space.

Note: Note: Note: Note: for us a word embedding is a 2D vector, or a 
point on a plane
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Find embedding reflecting semantics of words 
in a given context

• Fish swim in deep water. 

• Ocean is very deep. 

• Fish swim in darkness. 

• Birds are high in the sky. 

• Birds fly very high. 

• On a sunny day the sky is full of light.
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VOCABULARY (14 words)= ['birds', 'darkness', 'day', 'deep', 

'fish', 'fly', 'full', 'high', 'light', 'ocean', 'sky', 'sunny', 'swim', 'water']

GIVEN 

TEXT:

RANDOM embedding: Find a BETTER embedding:



Random Embedding and Desired Embedding

As we are getting closer to the desired 
embedding, what happens with cosines of 

angles between read and blue vectors?
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Method:
skip-gram algorithm [1,2]
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Context word pairs (0/3)
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• Fish swim in deep water. 

• Ocean is very deep. 

• Fish swim in darkness. 

• Birds are high in the sky. 

• Birds fly very high. 

• On a sunny day the sky is full of light.



Context word pairs (1/3)
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• Fish swim in deep water. 

• Ocean is very deep. 

• Fish swim in darkness. 

• Birds are high in the sky. 

• Birds fly very high. 

• On a sunny day the sky is full of light.



Context word pairs (2/3)
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• Fish swim in deep water. 

• Ocean is very deep. 

• Fish swim in darkness. 

• Birds are high in the sky. 

• Birds fly very high. 

• On a sunny day the sky is full of light.



Context word pairs (3/3)
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Word Embedding W0

• Fish swim in deep water. 

• Ocean is very deep. 

• Fish swim in darkness. 

• Birds are high in the sky. 

• Birds fly very high. 

• On a sunny day the sky is full of light.
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W0 =

W1 =

x  W1

y’ = W1[:,4]

x.y’

Utility Function U(W0,W1)

Optimize Weights

Word pair( ‘swim’, ‘fish’  )

swim :  x --->       x = W0[12, :] = (  0.3, -0.8)

fish  :  y --->    y’ = W1[ :,  4] = (-0.3, -0.8)t

W0 , W1

x = W0[12,:]

x W1

Training

x W1 =

x
y’

x.y’

exp(x W1) =

#12 #4



Utility function
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|V|=14 (Vocabulary Size),      T=1-44 (e.g., number of context word pairs or their combinations).

exp(x y’)

P(w
context

|w
center

) ?



Utility function
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|V|=14 (Vocabulary Size),      T=1-44 (e.g., number of context word pairs or their combinations).
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Iterative Function Maximization



Iterative Maximization of Multivariable Functions
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Question-2: Can we simplify the algorithm?
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W1 = W0
t



Demo
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Challenges of scaling word2vec

Try to do word embedding for Wikipedia text

• Lots of sentences

• Computational complexity

• Not all words contribute equally to optimizing weights
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Technique ==> Technology

1. Distributed architecture

2. Vocabulary optimization

2.   Subsampling frequent words ==> Speed up computation

Idea: Discard each training word wi with probability P(wi)

3.   Negative sampling (NEG) ==> Improves optimization.

Idea: add words from "negative" sample to computation of utility 
function
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Subsampling of frequent words
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[Mikolov 2013.10]



Negative 
Sampling
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BAD SOLUTION:           wI=x=‘birds’            wO=y=‘ocean’             wn=n=‘fly’

x= [ 1.1 -3.9]   n= [ 0.1 -4.0]        xn= 15.7,     sig(-xn)=1.5e-07,         log(sig(-uv))=-15.7        << 0

x= [ 1.1 -3.9]   y= [-0.1  3.2]        xy= -12.6,     sig(xy)=3.4e-06,          log(sig(uv))= -12.6        << 0

GOOD SOLUTION:       wI=x=‘birds’              wO=y=‘fly’                  wn=n=‘ocean’

x= [ 1.1 -3.9]   y= [ 0.1 -4.0]     xy=   15.7,      sig( xy)=0.99,             log(sig( xy))=   -1.5e-07      ~ 0

x= [ 1.1 -3.9]   n= [-0.1  3.2]    xn=  -12.6,      sig(-xn)=0.99,            log(sig(-xn))=   -3.4e-06      ~ 0

[Mikolov 2013.10]

More details on NEG can be found in section 2 of [Goldberg, 2014.02] https://arxiv.org/pdf/1402.3722.pdf



“Word Embedding” search trend
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Fun stuff and 
Interesting observations 
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v(Russia)      + v(river)      ≈ v(Volga River)

v(Germany) + v(capital)  ≈ v(Berlin)

Ref: [1,2]



Word Algebra

France   +   ( Moscow - Russia )    =   X

X = ?
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Geographical Words
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Russia

Moscow
Spain

Madrid

Japan

TokioTurkey

?



Word Embedding Demo
https://turbomaze.github.io/word2vecjson/
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PCA projection of the 1000-dimensional Skip-gram vectors
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Mikolov et al, 2013
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